The motion of the magnetic flux quanta in the mixed state of a type-II superconductor, due to the Lorentz force of an electric transport current, represents the key mechanism for generating resistive losses. Whereas the most common result is Joule heating of the superconductor, also purely electronic non-equilibrium effects can play a dominant role in the case of effective cooling of the sample. The latter situation can be realized by means of very thin superconducting films (having a large surface/volume ratio). In this paper we discuss experiments with Nd 2−x CexCuOy (NCCO) films performed some time ago, yielding evidence for electronic non-equilibrium effects due to the energy dependence of the quasi-particle density of states in the mixed state of the films. The films were imbedded within super-fluid helium for cooling. The recent advances in the fabrication of epitaxial ultra-thin superconducting films promise to contribute to further clarification of these electronic non-equilibrium effects.
When in the early 1960s Bernd T. Matthias at the Bell Laboratories discovered the new superconducting niobium alloys Nb 3 Sn and NbZr, the question, whether superconductors show truly zero electric resistance, reached a special actuality. These materials displayed promising high values of the critical electric current density and of the critical magnetic field. It was important to find out, if in a superconducting ring the super-currents really flow forever, or if they decay perhaps extremely slowly. The experiments showed that there exists a "critical state", beyond which the current always decreases in a superconducting ring. Philip W. Anderson then provided the crucial idea, when he recognized that electric resistance does not set in discontinuously, but is caused by the motion of the magnetic flux quanta. The concepts of flux creep and flux flow were born. As a result, the hindrance of this flux motion and magnetic flux pinning became an important challenge for the materials science of superconductors.
The motion of magnetic flux quanta is due to the Lorentz force f L = j ×φ o acting on them. This force is balanced by the damping force f d = ηvφ, yielding the (simplified) force equation
Here j is the electric current density, φ o the magnetic flux quantum (oriented in the magnetic field direction), η a damping coefficient, and vφ the velocity of the flux quanta. In Eq.
(1) the forces are given per unit length of flux line. The description in (1) is simplified by neglecting flux pinning and a force component causing the Hall effect during the motion of the flux lines. The motion of the flux lines with velocity vφ generates the electric field E given by
where B is the magnetic flux density. From (1) and (2) we see that the electric field and the electric current have the same direction, such that the flux-line motion causes electric losses in the superconductor. According to (1) and (2) the electric flux-flow resistivity ρ f is given by
Further details including references can be found in [1] [2] [3] .
Electronic Structure of the Vortex Core
The simplest model of the flux-flow resistance treats the vortex cores in terms of a normal cylinder with its radius given by the coherence length ξ . At the upper critical field B C2 the vortex cores occupy the total volume of the superconductor, whereas at the field B the volume fraction of the vortex cores is given by the ratio B/B C2 . These ideas yield for the flux-flow resistance
where ρn is the resistivity in the normal state. According to this model, (at low magnetic fields) the flux-flow resistivity increases linearly with increasing magnetic field. If flux pinning can be neglected, the result of Eq. (4) indicates, that the flux-flow voltage increases linearly with the electric current, and that the slope of these straight lines increases linearly with B. A detailed theoretical treatment along these lines has been given by Bardeen and Stephen [4] (see also [1] ). So far, our discussion refers to the dirty limit, where the electron scattering is strong. More accurately, the energy smearing of the quasi-particles, δε = /τ, is assumed to be larger than the superconducting energy gap ∆:
Here is Planck's constant divided by 2π, and τ the quasiparticle scattering time.
The electronic structure of the vortex core in the pure limit has been treated theoretically for the first btime by Caroli, De Gennes, and Matricon [5] and subsequently by Bardeen et al. [6] . The core of an isolated vortex is characterized by discrete energy levels εn of the quasi-particles given by
Here n is an integer, ε F the Fermi energy, and m the quasi-particle mass. The discrete levels εn represent quasiparticle bound states originating from Andreev reflection at the core boundary (Andreev bound states). The quantum-mechanical treatment requires the solution of the corresponding Bogoliubov-De Gennes equations. Further references can be found in [1] . We see from Eq. (6) that there exists a minigap εo = 1 2
between the Fermi energy and the lowest bound state in the vortex core. Both the minigap and the level separation εn − ε n−1 are proportional to ξ −2 . Because of the relatively large coherence length in the classical superconductors (typically ξ ≈ 100 nm), this electronic quantum structure of the vortex core is negligible, and the core can be treated as an energetic continuum of quasi-particles. However, in the cuprate superconductors the coherence length can be as small as 1 -2 nm. Hence, the minigap and the level separation can be up to 10 4 times larger than in the classical superconductors, approaching values of similar order as the energy gap. Clearly, in this case the simple picture of the normal vortex core does not apply any more. Our discussion of the electronic structure of the vortex core suggests, that we must distinguish three important energy scales: the superconducting energy gap ∆, the level spacing
of the Andreev bound states, and the energy smearing δε = /τ due to the mean electronic scattering time τ. Correspondingly, we have the following three limits: the dirty limit for ∆ ≪ δε, the moderately clean limit for
In the case of the classical superconductors we deal almost exclusively with the dirty limit. On the other hand, the cuprate superconductors can approach the superclean limit.
So far we have discussed only isolated vortices. In the case of the vortex lattice, the interaction between neighboring vortices must be considered. Similar as in the case of the atomic bound states in the crystal lattice, due to this interaction energy bands develop from the Andreev bound states in a perfect vortex lattice. Because of the relatively large distance between neighboring vortices (compared to the case of crystal lattices), these bands are relatively narrow along the energy axis, and are referred to as minibands.
The finite overlap between the bound-state wave functions of two neighboring vortices can be treated in the tight-binding approximation (Bloch electrons). Theoretical discussions along these lines have been given by several authors [7] [8] [9] [10] . As shown by Pöttinger and Klein [10] , the development of these subbands must be taken into account, if the intervortex distance, a, becomes smaller than about 7ξ . Clearly, for these concepts to apply, the quasiparticle excitations must propagate coherently through many unit cells of the vortex lattice, approaching the superclean limit.
Experimentally, the establishment of a perfect vortex lattice is generally difficult because of flux pinning. However, in this case the phenomenon of dynamic correlation [1, and references therein] in the flux-flow regime promotes the development of a perfect (moving) vortex lattice.
Bloch Oscillations and Negative Differential Resistance
The existence of the minibands in the vortex lattice can result in Bloch oscillations of the quasi-particles due to Bragg reflection at the Brillouin-zone boundaries ±π/a . Because of the small energy width of the minibands, in the flux-flow electric field the quasi-particles can reach the zone boundaries before their energy increment is dissipated by scattering processes. We note the similarity to semiconductor superlattices [11] . The gain of the quasiparticle momentum in the electric field E is governed by the equation
Here e* is the effective quasi-particle charge and τ B the cycle time of the oscillation. Defining the Bloch frequency ω B = 2π/τ B , we obtain from (7) ω B = (e * Ea)/
The resistivity is then given by
Here E * is
The electric-field dependent resistivity (9) results in a nonlinear j(E) curve. This curve shows a maximum at E = E * , and negative differential resistance (NDR) sets in at E = E * . In the case of voltage-bias, the NDR regime can be traversed. However, in the case of current-bias, at the instability E = E * a hysteretic jump of the current to a higher voltage level occurs. It is interesting to compare the dynamics of the quasiparticles with the dynamics of the pair-wave function during the flux-flow process. The oscillation of the pair-wave function is given by the Josephson relation applied to a single unit cell of the moving vortex lattice and yielding the Josephson frequency
We see that ω B = ω J if we set e * = 2e in Eq. (8) . We note that in the quasi-particle dynamics in a narrow subband between the Fermi energy and the gap energy, electrons and holes always appear together and are coupled by means of the Bogoliubov-De Gennes equations. Therefore, setting e * = 2e appears reasonable, and we obtain the same value of ω B and ω J . We note that if in the vortex lattice, moving under the influence of the Lorentz force, the vortex cores would only display the localized Andreev bound states (in the absence of any vortex interaction and minibands), quasi-particle scattering would be strongly suppressed because of the lacking phase space, and the vortices would move nearly parallel to the electric current direction. In this case the Hall angle would be nearly π/2. However, so far such a case had not been observed experimentally.
Steps in the Density of States
So far, our discussion of the electronic structure of the vortex cores applies to superconductors where the pair-wave function is isotropic. However, in the case of an anisotropic pair-wave function (for example, in the cuprates) additional theoretical ideas are needed. We concentrate on the cuprates showing d-wave symmetry of the pair-wave function, with the nodes and antinodes in distinct directions within the CuO 2 -plane. For B = 0 the node lines of the energy gap in momentum space result in a linear increase of the quasi-particle density of states with energy near the Fermi energy [12] . However, in the mixed state, in addition to the strong energy dependent behavior near the energy gap ∆o, another sharp increase of the density of states with energy is expected at an energy much closer to ε F than ∆o [13] . Here two energy scales play an important role. As discussed by Kopnin and Volovik [14, 15] , there exists an average minigap of the same order ∆ 2 o /ε F ≡ ε 1 as in the (isotropic) s-wave case. Furthermore, there is a characteristic resonant energy ε 2 = (ε1 ωc) 1 2 , where ωc is the cyclotron frequency. This situation is shown schematically in Fig. 1 .
In the flux-flow electric field E, the energy distribution of the quasi-particles in the vortex cores is shifted, and the quasi-particle energy is given by
Here v F is the Fermi velocity. Depending on the electric field E, the quasi-particle energy is shifted to higher values, reaching eventually the energies associated with the sharp upturns of the density of states shown in Fig. 1 . Since electron-electron scattering is dominant in the cuprate superconductors, we have for the scattering rate 1/τ 1/τ ∼ N 2 (ε) (13) where N(ε) is the energy dependent density of states, providing the available phase space for scattering. The resistivity shows the proportionality
Hence, the energy dependent density of states N(ε) shown in Fig. 1 , together with the energy shift of Eq. (12), yields a field dependent resistivity ρ(E). Such a scenario can result in nonlinearities of the voltage-current curves and NDR during current-induced flux motion. We emphasize, that we have restricted this discussion only to the electronic nonequilibrium, and have ignored any thermal effects due to Joule heating. A general discussion of the nonlinear voltage-current characteristic resulting from an electric-field dependent resistivity ρ(E) has been presented in [16] . Further details can be found in [17] . An analysis of the dynamics of the trapped quasi-particles in the vortex cores of superclean, layered superconductors and the effects on microwave absorption has been reported by Larkin et al. [18, 19] .
Experiments with NCCO Films
Electronic nonequilibrium effects leading to nonlinearities and NDR during current flow are well known in semiconductors. We mention the high-electric-field domains (Gunn effect) and current filaments (avalanche breakdown). In semiconductors the concentration of the charge carriers is relatively low. In this case high electric fields can exist without an excessive current flow which would result in the dominance of thermal effects due to Joule heating. In metallic conductors the situation is quite different.
On the other hand, in superconductors during current flow the dominant part is played by the supercurrent causing zero voltage drop, and the resistive contribution of the quasi-particles represents only a small correction. This is why electronic nonequilibrium effects in superconductors are interesting and can be studied.
As we have discussed above, in the cuprate superconductors nonlinear resistive behavior and NDR can be expected, since their small value of the coherence length ξ promotes the appearance of an electric-field dependence of the flux-flow resistance. However, such experiments require an exceptionally strong cooling of the sample, in order to eliminate thermal effects due to Joule heating. Indeed, experiments performed with epitaxial, c-axis oriented thin films of Nd 2−x CexCuOy (NCCO, close to optimum doping with x ≈ 0.15) suggested the appearance of such electronic nonequilibrium effects [20] . The film thickness was 90 -100 nm, and the films were directly imbedded in superfluid helium for cooling to 1.92 K. In Fig. 2 we show a series of curves of the resistive voltage plotted versus the current at different values of the perpendicular magnetic field, as indicated in the legend. As we see in Fig. 2 , at intermediate magnetic fields the voltage-current characteristics show a two-step structure. If the voltages are plotted at higher resolution, one finds that the curves increase continuously from zero up to a finite voltage level V 1 , above which they display a vertical step in the case of current-bias or the onset of NDR in the case of voltage-bias [21] . A typical curve is shown in Fig. 3 , where the onset of the two steps are marked by V 1 and V 2 , respectively. As one would expect, in time-resolved experiments the NCCO samples displayed spontaneous oscillations of the flux-flow resistance [22] .
The two-step structure shown in Figs. 2 and 3 is nontypical and cannot be explained by standard thermal effects due to Joule heating. We note that this distinct structure was absent above the lamba point, i. e., if the sample was not cooled any more by superfluid helium. Therefore, we proposed an explanation in terms of the electronic nonequilibrium effects discussed in Sections 2 and 3. Detailed arguments against effects due to Joule heating and/or flux pinning are given in [21] .
Assuming the existence of two minibands in the mixed state of the NCCO films, for an explanation of the voltage steps at the voltages (fields) V 1 (E 1 ) and V 2 (E 2 ), we can proceed as follows [21, 23] . Using the relation E 1 = 
based on Fermi-liquid theory of electron-electron scattering. Taking the value ε F = 30 meV for NCCO [20] , one obtains δε = 0.020 meV at B = 0.5 T increasing up to δε = 0.085 meV at B = 1.8 T. Here we have used the value e * = 2e (instead of e, which was used in [21] and [23] ). We can proceed similarly in the case of the second voltage step and the upper subband. Using E 2 = /2eaτ 2 , at T = 1.92 K in the magnetic field range B = 1.8 -4 T the scattering rate 1/τ 2 was found to increase from 1/τ 2 = 2. Taking ξ ab ≈ 6 nm for NCCO [24] and assuming that the subbands appear below an intervortex distance of a = 7ξ ab [10] , we estimate that the magnetic flux density B must be larger than about 1 T. So far, our discussion has concentrated on an interpretation of the electric field dependence of the resistance based on two minibands and the resulting Bloch oscillations. On the other hand, steps in the quasi-particle density of states as a function of energy and an electric field induced shift of the quasi-particle energy discussed in Section 3 may also play the dominant role. Again, an analysis of the experimental data along these lines yields reasonable values of the quasi-particle scattering rates [21, 23] .
In recent years the technology for the fabrication of epitaxial, ultrathin films has seen important advances. Flux-flow experiments in the mixed state of superconducting ultrathin films, imbedded within superfluid helium, would be interesting to check the ideas we have presented above. Furthermore, scanning tunneling experiments performed in the presence of a perfect vortex lattice would help to verify the electronic minibands generated by the interaction between the Andreev bound states of neighboring vortices. In view of the still speculative interpretation presented in this paper of the electric field dependence of the flux-flow resistance, additional experimental and theoretical work is desirable.
